Quantum information is a common topic of research in many areas of quantum physics, such as quantum communication and quantum computation, as well as quantum thermodynamics. It can be encoded in discrete or continuous variable systems, with the appropriated formalism to treat it generally depending on the quantum system to be chosen. For continuous variable systems, it is convenient to employ a quasi-probability function to represent quantum states and non-classical signatures. The Wigner function is a special quasi-probability function because it allows to describe a quantum system in the phase space very similar to the classical one. This work aims to provide a selfcontained phase-space treatment of quantum information, using the Wigner function as the quantum state and complex functions obtained from the Weyl transform to describe observables of a given quantum system. We present many ways to quantify quantum information, besides general examples of its dynamics for non-Gaussian and Gaussian states, and for unitary and dissipative dynamics, showing that a robust phase-space formalism may be useful for future developments concerning the manipulation and quantification of information in quantum devices. Our results show a conversion of the negativity of local Wigner functions in mutual information and that the coherence for Gaussian states may be a witness for non-Markovian dynamics, evidencing the usefulness in several protocols in quantum thermodynamics.
I. INTRODUCTION
The complete ability of quantification and manipulation of quantum information is a paramount challenge to design new micro and nano devices based on quantum properties of systems. It is expected that this fine control would have important impacts on quantum communication and quantum cryptography [1] [2] [3] [4] , quantum metrology [5, 6] , quantum thermodynamics [7] [8] [9] , and quantum computation [10] [11] [12] . These current and future implications emphasize the importance in understanding quantum information in as many points of view as possible, mainly because different experimental platforms require an appropriated set of tools to manipulate information. Encoding and processing information depend on the quantum system to be considered. There are basically two broad classes of quantum systems for these purposes, the two-level and continuous variable systems. The first of them has a large numbers of studies, ranging from the use of quantum information to reverse the direction of heat in quantum thermodynamics [13] [14] [15] to investigate backflow of information in non-Markovian dynamics [16] [17] [18] . The latter, despite of some relevant works as, for instance, in squeezed states [19] [20] [21] and in photon addition and subtraction [22] , possesses relevant points to be addressed, as the quality of squeezing sources and detectors, and quantum computation architecture [23, 24] .
In what concerns the case of quantum information in twolevel systems, it is considered that the most adequate formalism is the wave function or, in general cases, the density operator approach [25, 26] . On the other hand, for continuous variable quantum systems, such as in quantum optics [27] , trapped ions [28, 29] , cold atoms [30] and cavity QED [31, 32] , it is common to employ, besides the density operator, a quasiprobability function to represent the state of some system [33] . When dealing with the quantum to classical transition, the * jonas.floriano@ufabc.edu.br † vieira.carlos@ufabc.edu.br ‡ dieguez.p@ufabc.edu.br most suitable of these functions is the Wigner function [34, 35] , which is represented in a phase space similarly to that of the classical physics. The Wigner function has given important contribution in quantum physics, for instance, in implementing teleportation of a quantum gate [36] and in general uncertainty relations in quantum systems [37] [38] [39] [40] . However, in many cases it has been used more as a mean of visualization than to properly describe the state of the system. There exist, nonetheless, the so called phase-space formalism of quantum mechanics, in which the Wigner function is the state of some system and all the observables are complex functions represented in the phase space.
The core of the phase-space formalism of quantum mechanics is the Weyl tranform [35, 42] , which converts a given operator in a complex function. The Wigner function is then defined as the Weyl transform of the density operator, for pure or mixed states. The Moyal product [33] is also an important ingredient, once it provides the appropriated inner product, in order to guarantee the uncertainty relations of the quantum theory. Based on these main elements, a formalism to treat quantum information, non-classicality signatures, and coherence can be established. The goal of this work is to provide a self-contained formalism to treat quantum information in the phase space. This approach may be useful to provide new insights of manipulation as well as conversion of information, some of them with the help of classical counterparts. Moreover, our treatment can be fruitful in quantum thermodynamics, mainly in cases in which information play an important role, such as in information-driving engine models [43] [44] [45] and in Maxwell's demon in a quantum system [46] . This manuscript is organized as follows. In section II we provide the basic properties of the Wigner function and the phase-space formalism of quantum mechanics. Section III is devoted to develop several ways of quantifying quantum information in phase space, for both non-Gaussian and Gaussian states as well as for unitary and open dynamics. In section IV we explore some general examples to illustrate how to use the phase-space formalism for studying quantum information. Finally, we draw our conclusions and final remarks in section V. In this section we review some relevant properties of the Wigner function and the phase-space formalism of quantum mechanics. The standard formalism of quantum mechanics is based on operators that act on the Hilbert space, H. A quantum system can be described by means of a wave function in the position representation or, through the Fourier transform, in the momentum representation. Moreover, there is the wellknown commutation relation between position and momentum operators, [q i ,p j ] = i δ ij , where i and j run over all the Hilbert space.
The operators-based formalism is not the only way to describing quantum mechanics. The phase-space formalism of quantum mechanics (PSQM) is another interesting way to study quantum mechanical systems, being relevant in a large number of scenarios. In the PSQM, the Wigner function represents the state of a given system and has the important property of carrying out simultaneously information about position and momentum of the system. In order to introduce the Wigner function and the phase-space formalism, we consider the Weyl transform of an operatorÔ(q,p), defined as [33, 35] ,
where W stands for Weyl transform. The Weyl transform converts an operator in a c-function and it is a natural connection between operators-based and phase-space formalisms.
Next, considering a system described by a pure state, |ψ , we can write the density operator,ρ = |ψ ψ|. The Wigner function can be defined just as the Weyl tranform of the density operator, W (q, p) = h −1 dy e −ipy/ q + y/2|ρ|q − y/2 , = h −1 dy e −ipy/ |ψ(q + y/2) ψ(q − y/2)|. (2) Some important properties of the Wigner function are that it is normalized when integrated over all phase-space, additionally providing the marginal probability distribution for momentum |φ(p)| 2 , and position |ψ(q)| 2 ,
From the Wigner function, it is also possible to obtain expectation the value of an observable O,
The generalization of the Wigner function for mixed states is straightforward. For a mixed state ρ = j p j |ψ j ψ j |, where p j is the probability of each state and it is always positive, with j p j = 1, the Wigner function is simply given by,
with W j (q, p) the Wigner function associated to each part of the ensemble. One of the basic ingredients in considering the PSQM formalism is the Moyal product, which is introduced once we are now dealing with c-functions and no longer with operators. The Moyal product, defined for position and momentum variables [33] , reads A W (q, p) B W (q, p), where,
In introducing the Moyal product into the PSQM formalism we obtain a set of important tools to treat quantum systems, most of them being very similar to the classical case. In particular, for a unitary dynamics, the time evolution of an observable O W is dictated by the equation, In addition, applying the Weyl tranform on the eigenvalue equation and using the Moyal product, we obtain the so called stargenvalue equation, given by [33, 42] ,
where H W (q, p) is the Weyl tranform of the Hamiltonian of a quantum system and E sets for the eigenvalues of energy. In the case of a quantum system with N dimensions, the selection of a particular sub phase space (q k , p k ) is performed by integrating over the rest of the variables,
Additionally, we present how to obtain the time evolution of the Wigner function using the Moyal product in the case of a unitary operation. Once the initial Wigner function is obtained from Eq. (4), the time evolution is given by the unitary operator [33] ,
with = 1, ..., N,and N the dimension of the system, resulting in,
Finally, for the case in which the system is a two-mode Gaussian state, we can introduce a vector collecting all the coordinates of the phase space, R(q 1 , p 1 , q 2 , p 2 ). The twomode Gaussian state is then completely characterized in terms of its first moments and covariance matrix, defined as d = ( q 1 , p 1 , q 2 , p 2 ) and σ = σ 11 ⊕ σ 22 , respectively, with,
and σ AB = AB +BA −2 A B . This results in a convenient expression for obtaining the Wigner function [23, 24] ,
particularizing the expression for two modes.
III. QUANTUM INFORMATION IN PHASE-SPACE WITH WIGNER FUNCTION
In this section, we present a detailed discussion of how to use the Wigner function to study quantum information aspects. For this purpose, our analysis is restricted for a bipartite system, described by a Hilbert space H = H 1 ⊗H 2 . The first point to be addressed is the concept of entropy. Since a direct translation of the von Neumann entropy to the phase-space is not generally possible because the Wigner function may assume negative values, the main alternative adopted is to employ the well-known linear entropy, defined as [48] ,
with i = 1, 2.
The Eq. (16) holds for pure and mixed quantum states and satisfies the relation 0 ≤ S ≤ 1, where S = 0 for a pure state.
Mutual information. The linear entropy is useful to define the mutual information between two parts of a bipartite quantum system. Let consider a quantum system described by a Wigner function W (q i , p i ) where the parts may have some physical interaction. The mutual information shared between the two parts is defined as [37, 40, 48] ,
where W 1 and W 2 are the local Wigner functions of each part,
The mutual information measures the total correlation, classical or quantum, between two parts of a system. When the bipartite system is separable, W (q i , p i ) = W (q 1 , p 1 )W (q 2 , p 2 ), the mutual information is zero.
Wigner function negativity. Another way of quantifying non-classical effects in a system is the negativity of the local Wigner function, defined in a bipartite system as [49] ,
The negativity of the Wigner function has been used in different cases for investigating non-classical effects [50] [51] [52] and reported experimentally in Ref. [53] , with applications in quantum computation [54] . For separable or correlated bipartite states the negativity is directly related to non-classical effects of each part. Thus, using the mutual information and the negativity it is possible to have a broad knowledge on the correlations shared between the two parts of a system.
Particular case: Gaussian states
Here we detail some quantum information quantities in the particular case in which the Wigner function is Gaussian, i.e. completely characterized by the first and second moments [23, 24, 55, 56] .
Fidelity. The fidelity is a suitable way of comparing how similar (or distinct) two states are. Given two Gaussian states, characterized by their first and seconds moments (covariance matrix), d and σ, respectively, such that we can write the states as W 1 ( d 1 , σ 1 ) and W 2 ( d 2 , σ 2 ), the fidelity is given by [69, 70] ,
where
The fidelity is bounded by 0 ≤ F ≤ 1, with F = 1 and F = 0 for identical and completely different states, respectively. Equation (18) has particular importance in quantum information processing with Gaussian states because it allows, for example, to quantify the quality of a given noisy communication channel, where we have Gaussian states as input and output [55] . Another important point is that the covariance matrix is experimentally accessible, in particular in quantum optical devices [57] .
Coherence. An important quantum signature is the presence of quantum coherence in states. This quantity has been addressed in a series of recent articles in quantum information [58, 59] , and also in quantum thermodynamics [7, 60, 61] . The quantification of coherence as a resource was firstly proposed in Ref. [59] and extended for Gaussian states in Ref. [62] . In order to quantify the coherence in a given one-mode Gaussian state ρ(σ, d), where σ and d are the covariance matrix and first moments, respectively, Ref. The coherence measure for one-mode Gaussian states assumes the following expression when minimized [62] ,
where ν = σ 11 σ 22 − σ 2 12 , andn = (1/4)(σ 11 + σ 22 + d 2 1 + d 2 2 − 2). As we will observe in the following examples, this measure is appropriated to capture the coherence of Gaussian states due to the displacement operator.
Dissipative dynamics of Gaussian states. When a system is in thermal contact with a Markovian environment, in general it is affected by decoherence effects [25] . In the particular case when the system is a one-mode Gaussian state ρ(σ, d) the complete characterization of dissipation effects is encoded into the dynamics of the first moments and covariance matrix [56, 63] . The time evolution of the first moments and covariance matrix during the thermalization process is obtained from the two uncoupled differential equations,
where Γ andm are the decay rate and the mean number of photons of the thermal environment, respectively. The solutions for the above equations are straightforward and given by,
with d(0) and σ(0) the initial first moments and covariance matrix of the system. Naturally, when t → ∞, the first moments and the covariance matrix tend to the asymptotic thermal state.
IV. EVOLUTION OF A BIPARTITE CONTINUOUS VARIABLE SYSTEM

Unitary evolution
In order to investigate how to use the mutual information and the negativity of the Wigner function to understand correlations and non-classicality in bipartite systems, we consider the following Hamiltonian
with α 2 = 1/(2m) and β 2 = mω 2 /2, where m and ω are the mass and frequency of the system, respectively, and γ represents the coupling constant between the two oscillators. The Hamiltonian (22) illustrates many important scenarios in physics, ranging from fluctuation relations for a particle in a magnetic field [64] to general uncertainty relations [37, 38, 40, 42] and quantum heat engines [65, 66] . For example, Eq. (22) could describe a particle moving in a plane in the presence of an orthogonal uniform magnetic field or it can be useful in the study of noncommutativity of the phase-space [39] . In Appendix A we provide a detailed derivation of the Wigner function and associated eigenvalues for the Hamiltonian (22) using Eq. (9) . Denoting by W n1,n2 (q i , p i ) the Wigner function associated to the Hamiltonian (22) with eigenvalues E n1,n2 reads
with Ω ± = (α/β)q 2 i + (β/α)p 2 i ∓ 2 2 i,j=1 ( ij p i q j ), n 1(2) are interger and nonnegative numbers, L n1(n2) are the associated Laguerre polynomials, and the eigenvalues are, E n1,n2 = 2 αβ(n 1 + n 2 + 1) + γ(n 1 − n 2 ).
We are interested in studying the behavior of the mutual information and the negativity of the local Wigner functions for a bipartite system described by the states (23) in the case in which the dynamics of the whole system is unitary. From Eq. (7) we obtain a set of uncoupled four equations of motions for H(q i , p i ), 
where x 0 , y 0 , p x0 , and p y0 are arbitrary initial parameters. The Wigner function in Eq. (23) are clearly stationary. Based on Ref. [40] , we can write an initial state W k, (q i , p i ) which are stationary only for the particular case of γ = 0 and is time dependent for any other value of γ. Following Ref. [40] , this state reads,
with
. Figure (1) shows the mutual information (black solid line) and the negativity of the local Wigner functions for two sets of quantum numbers, (k, ) = (1, 0) and (k, ) = (2, 1). In the first case, Fig. (1)-(a) , we observe that the negativity of W 1 (q 1 , p 1 ) (blue dotted line ) and W 2 (q 2 , p 2 ) (red dashed line) are initially non-zero and zero values, respectively, as expected, once these states are the first and ground (Gaussian) states of the harmonic oscillator. As the time evolves, the mutual information shared between the subsystems (q 1 , p 1 ) and (q 2 , p 2 ) increases up to the negativity of W 1 (q 1 , p 1 ) reaches the minimum value, resulting in a consumption of the negativity of W 1 (q 1 , p 1 ) . Then, the mutual information starts to , in order to illustrate how the mutual information depends on the non-classicality of local states of the system. It is possible to note the inversion of the negativities in both cases, as well as that the minimum value of them is reached when the mutual information is maximum. We considered unities such that = m = ω = 1.
decrease while the negativity of W 2 (q 2 , p 2 ) increases up to the maximum value. In the second case, Fig. (1) -(b), we have two non-Gaussian initially states with non-zero initial values of negativity of the local Wigner functions. Similarly to the first case, the negativities decreases as the increase of the mutual information and, after a period of time, mutual information decreases while the negativies increases with inverse values. In both cases, we note the negativity-mutual information conversion, highlighting the role of the negativity in supplying correlations. Our results can be, in principle, experimentally implemented in continuous variable platforms, such as in specific ions trap in which there are two vibrational degrees of freedom accessible [41] .
Dissipative dynamics -Gaussian states
For this purpose, we shall assume that the states of the subsystems (q 1 , p 1 ) and (q 2 , p 2 ) are Gaussian, i.e. W 1 (q 1 , p 1 ) and W 2 (q 2 , p 2 ) are completely characterized by their first moments and covariance matrix, and defining our system as being W sys ≡ W 1 (q 1 , p 1 ). Besides, we consider that Γ and γ are constants mediating the coupling between the thermal reservoir with the subsystem (q 1 , p 1 ), and the subsystems (q 1 , p 1 ) and (q 2 , p 2 ), respectively. Figure (2) shows an illustration of the Thermal environment Figure 2 . Illustration of the system which is considered, Wsys = W1(q1, p1), coupled to another quantum oscillator (q2, p2) by the coupling γ, and also coupled to a thermal environment with coupling Γ. We are considering that the coupling between the thermal environment and the quantum oscillator (q2, p2) is sufficiently weak such that any effect due to it is negligible for the evolution of the system Wsys.
considered dissipative process. We restrict our attention to investigate the dynamics of W sys and observe how the coupling γ impacts its dissipative dynamics when in thermal contact with a Markovian environment. From a physical point of view, we consider that the time evolution of W sys is strictly Markovian when γ → 0. Moreover, in tracing out the degree of freedom (q 2 , p 2 ) and restricting our attention only to W sys , we are assuming that the coupling between the thermal environment and the degree of freedom (q 2 , p 2 ) is sufficiently weak such that it does not cause any effect on the evolution of W sys . Figure ( 3) shows the fidelity (black solid line) and normalized coherence (red dashed line) for a heating process, i.e. n >m, withn andm the mean number of photons of the system and thermal environment, respectively. In order to guarantee that the environment itself generates a Markovian evolution on the system, we show the case in which γ = 0 Fig.  (3) (inset), i.e. there is no coupling of the system with any other degree of freedom. In the case with γ = 0.1, we observe the non-monotonic behavior of the fidelity and the increase of the coherence in some time intervals.
Non-Markonian-like effect
In Fig. (3) we note that the fidelity for γ = 0 presents a nonmonotonic behavior during the thermalization process with a thermal environment. This profile in the fidelity has been recently associated to a non-Markovian dynamics on the system characterizing an information backflow from the environment to the system [67, 68, 71, 72] . Here the considered thermal environment generates a Markovian dynamics on the system, as we note from the Fig. (3) (inset) for γ = 0. Thus, any non-Markovian-like behavior arises due to the coupling constant γ = 0. Physically, the fidelity is a witness of non-Markovianity and the condition is that F (ρ 1 (τ ), ρ 2 (τ )) ≤ F (ρ 1 (t), ρ 2 (t)), with ρ 1(2) two arbitrary states of the system and τ and t arbitrary times such that τ > t [71, 72] . Figure ( 3) presents basically two time intervals for γ = 0.1 with this behavior. Furthermore, the coherence increases during the same time intervals, evidencing a memory effect on the system. Again, it is worth to note that this behavior is exclusively due to the coupling γ and does not depend on the structure of the ther- mal environment. Here, a similar experiment as performed in Ref. [73] could be useful to simulate the non-Markovianlike effect employing coherent (Gaussian) states in a quantum optical device.
V. CONCLUSIONS
In this work we have considered the description of quantum information in the phase-space formalism of quantum mechanics. By defining the Weyl transform of a general operator as well as the Wigner function describing the state of a given system, it was possible to introduce several information quantifiers for different scenarios, in particular, we explored measures for Gaussian and non-Gaussian states, with unitary and dissipative dynamics.
We considered a Hamiltonian of a coupled bipartite system with high degree of flexibility to explore relevant examples. For unitary evolution, we showed that the behavior of the mutual information between two-coupled harmonic oscillator depends on the amount of negativity of the local Wigner functions associated to each subsystem, evidencing the negativity-mutual information conversion. On the other hand, for dissipative dynamics of Gaussian states, it was possible to note that for Gaussian states initially with coherence, the effect of the coupling between the two subsystems may generate some nontrivial behavior in the fidelity comparing the state of the system and the asymptotic one, similarly to a non-Markovian-like effect. Moreover, the same effect can be observed in the coherence during the time evolution, with coherence revivals in specific time intervals.
The description of quantum information in the phase-space formalism of quantum mechanics, besides to offer another possibility of studying quantum processes, is relevant for further theoretical and experimental investigations, specially due to the fact that most experimentally accessible devices, e.g. quan-tum optics, have high ability for generating Gaussian states. Moreover, our results may be useful in several protocols in quantum thermodynamics, in particular for quantum Otto heat machines. Thus, we hope that this work can contribute to unveil new features of quantum information in phase-space. In this appendix we derived with some details the Wigner function for two-coupled harmonic oscillators, described in the Hamiltonian (22) . By introducing now the creation and annihilation operators,
with i = 1, 2, these operators a i and a † i satisfy the following condition,
Now we can write the equation (22) as, H(q i , p i ) = 2 αβ a † 1 a 1 + a † 2 a 2 − i γ(a 1 a † 2 − a 2 a † 1 )
Note that still there exists a coupling between operators a 1 and a 2 . Then, it is interesting to define the new set of creation and annihilation operators,
with these operators obeying the following commutation relations,
[A ± , A ± ] = [A ± , A ∓ ] = 0 A † ± , A † ± = A † ± ,Â = 0,
Therefore, the Hamiltonian (34) is given by,
The next step is to rewrite the Moyal product (6) in terms of these new operators. Denoting by A + ± and A ± as the Weyl transform of the operators A † ± and A ± , respectively, we can write the Moyal product as, 
In addition, applying the so-called stargenvalue equation (9) for the system,
we have that, After some mathematical manipulations we obtain two uncoupled differential equations given by,
The explicit solutions of Eqs. (39) can be written in terms of the Laguerre polynomials, χ 1(2) (η 1(2) ) = (−1) n 1(2) exp −2χ 1(2) L n 1(2) 4χ 1 (2) , (40) with n 1(2) non-negative integers and, n 1(2) = (E 1(2) − 1/2), resulting in, E n1,n2 = 2 αβ (n 1 + n 2 + 1) + γ (n 1 − n 2 ) .
Finally, writing as function of canonical phase-space variables, the Wigner function in (23) is obtained.
